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Abstract
The Einstein-Hilbert action with a cosmological constant is the most general local four-
dimensional action leading to second-order derivative equations of motion that are symmetric
and divergence free. In higher dimensions, additional terms can appear. We investigate a gener-
alised metric decomposition involving a scalar degree of freedom to express the higher-dimensional
action as an effective four-dimensional scalar-tensor theory. From the higher-dimensional Ricci
scalar alone and a subclass of our metric ansatz, we recover the subset of Horndeski theories with
luminal speed of gravitational waves. More generally, beyond-Horndeski terms appear. When
including a Gauss-Bonnet scalar in the higher-dimensional action, we generate contributions to
all cubic-order second-derivative terms present in the degenerate higher-order scalar-tensor theory
as well as higher-derivative terms beyond that. We discuss this technique as a way to generate
healthy four-dimensional gravity theories with an extra scalar degree of freedom and outline further
generalisations of our method.
a Soumya.Jana@etu.unige.ch
b charles.dalang@unige.ch
c lucas.lombriser@unige.ch
1
CONTENTS
I. Introduction 2
II. D-dimensional Einstein-Hilbert action 5
A. Tensor decomposition 5
B. Effective four-dimensional action 7
C. Mapping of beyond-Horndeski terms 8
D. Special case: luminal speed of gravitational waves 10
III. D-dimensional Einstein-Gauss-Bonnet action 11
A. Tensor decomposition 12
B. Higher-order derivatives 13
C. Special case: γmn,X = 0 16
IV. Generalisations 18
A. Beyond Einstein-Gauss-Bonnet gravity in higher dimensions 18
B. Disformal transformation 19
V. Conclusions 20
Acknowledgments 21
A. Extra tensor definitions 21
B. φ = φ(φ′) = ξ(φ′) 24
References 26
I. INTRODUCTION
After more than a century, the theory of general relativity remains the most successful de-
scription of gravity. From the deflection of light around massive bodies, lunar-laser ranging,
Shapiro time-delay constraints, probes of the equivalence principle to gravitational waves,
general relativity passes all tests to date while the parameter space for allowed deviations
shrinks as time passes by [1].
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The field equations of general relativity can be obtained from an elegant least-action
principle and appropriate boundary conditions. The Ricci scalar and a cosmological con-
stant constitute the geometric sector of the Lagrangian. Their variation with respect to
the metric provides the geometric part of the field equations, a linear combination of the
Einstein and metric tensors. The metric variation of the matter sector of the action defines
the energy-momentum tensor, the material part of the Einstein field equations. Covariant
energy-momentum conservation requires this contribution to be divergence free, which is
also satisfied by the geometric side due to the Bianchi identities. While simple and success-
ful, it is tempting to ask how general the geometric part of the equation is and whether
it is easy or even possible to find more general rank-two tensors which are built from the
metric and its derivatives that are symmetric and divergence free. As it turns out from the
Lanczos-Lovelock theorem [2, 3], in four dimensions, the Einstein tensor is the only symmet-
ric and divergence-free tensor of rank two which does not contain more than second-order
derivatives of the metric tensor. This places general relativity in a very special place within
the ocean of conceivable gravity theories.
While highly successful, general relativity is not free of problems. In the ultra-violet
regime, one expects a breakdown of the theory which is non-renormalisable and as such
loses its predictive power. On the other end of the energy spectrum, the infrared behaviour
of general relativity causes for surprises. If one assumes general relativity to hold, then
one needs to invoke the existence of an extensive dark sector, which so far has escaped
Earth-based laboratories. Even if one relaxes this assumption, the last decades have shown
that modifications of gravity [4–6] motivated as alternatives to either dark matter or the
late-time accelerated cosmic expansion are both severely challenged by observations [7, 8].
Cosmic acceleration is in principle well explained by the cosmological constant and general
relativity, but theoretical calculations of its value attributed to vacuum fluctuations of the
matter fields exceed by many orders of magnitude the observed one, and any fine-tuning
is furthermore radiatively unstable [9] (see, however, Refs. [10–14]). To go beyond general
relativity, one must break one of the assumptions going into building the Einstein-Hilbert
action. Different possibilities include breaking Lorentz invariance, abandon locality, adding
new degrees of freedom, or extra spacetime dimensions. The connection between the last
two options shall be the interest of this work.
The minimal choice in adding new degrees of freedom is the extension of gravity with one
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single degree of freedom, a scalar field. Hereby, the Horndeski action [15] defines the most
general Lorentz-invariant 4-dimensional local metric theory of gravity1 that supplements
general relativity by one scalar degree of freedom with restriction to second-order equations
of motion. The condition of second-order equations allows to evade Ostrogradski ghost
instabilities [16]. While this is a sufficient condition, it is not strictly necessary, as was
realised in Ref. [17]. Beyond-Horndeski terms evading the ghosts were found in Ref. [18]
and finally, the quest of the most general scalar-tensor theory led to the development of
degenerate higher-order scalar-tensor theory (DHOST) [19], which are explicitly known up
to third-order in second derivatives of the fields.
An a priori completely different path is to extend gravity to higher spacetime dimensions.
In D > 4 dimensions, the Einstein-Hilbert action is no longer the most general action that
leads to divergence-free symmetric tensors in the second-order field equations and other
terms may arise [2, 3, 20]. It is well known that for an adequate metric decomposition
involving a scalar field these extra dimensions can be integrated out to produce an effective
scalar-tensor theory. An interesting question that arises is whether from the most general
theory of gravity with sufficiently many co-dimensions and the most general metric ansatz
with a scalar field one recovers the most general scalar-tensor theory.
The paper is organised as follows. In Sec. II, we start from the higher-dimensional
Einstein-Hilbert action and show that a general metric decomposition involving a scalar
field but being independent of its kinetic term leads to the full subset of Horndeski theories
with luminal speed of gravitational waves. A more general ansatz with kinetic dependency
introduces additional, beyond-Horndeski terms. Next, in Sec. III, we generalise the action
with the inclusion of the higher-dimensional Gauss-Bonnet term and show that it is suffi-
cient to generate contributions to all known DHOST terms after integrating out the extra
dimensions while also generating new extra higher-order derivative terms beyond DHOST. In
Sec. IV, we discuss how further generalisations of our method will lead to even more general
scalar-tensor and other extended gravity theories. We summarise our results and conclude
in Sec. V. Finally, we provide further technical details of our derivations and definitions in
the appendix.
1 It is the analogue to general relativity for three propagating degrees of freedom. General relativity is
contained as a subset.
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II. D-DIMENSIONAL EINSTEIN-HILBERT ACTION
We first consider the Einstein-Hilbert action with a cosmological constant in D = 4 + d
dimensions,
S =
M24+d
2
∫ √
− det(gAB) [R− 2Λ4+d] d4+dx , (1)
where d indicates the number of co-dimensions, gAB is the D-dimensional metric with cap-
ital indices A,B ∈ {0, 1, . . . , D − 1}, R denotes the D-dimensional Ricci scalar and M24+d
and Λ4+d are the squared Planck mass and the cosmological constant with appropriate di-
mensions, respectively. For the spacetime line element we consider a general decomposition,
which for the sake of simplicity, is block diagonal,
ds2 = gABdx
AdxB = g˜αβ(x
µ)dxαdxβ + γmn(φ(x
µ), X(xµ), yi)dymdyn , (2)
where X = −1
2
g˜αβ∂αφ∂βφ is the kinetic term of the scalar field φ, greek indices satisfy
(α, β, µ) = {0, 1, 2, 3} and Latin indices (m,n, i) = {3 + 1, 3 + 2, ....(3 + d)} run in the co-
dimensions. Tensors built from the effective 4-dimensional metric g˜αβ exclusively are noted
with a tilde. The metric γmn applies to the submanifold of the extra spatial dimensions.
It is clear that this choice of block diagonal metric simplifies much of the calculations by
avoiding the complicated calculation of a determinant in D dimensions. With this choice,
assuming γmn to be a function of φ(x
α), X(xα), and the extra dimensions y is quite general.
The dimensionality reduction scheme is quite straightforward. We express the Lagrangian
in Eq. (1) as tensors which depend on the four spacetime dimensions, while the leftovers
depend on the co-dimensions and only indirectly on the four spacetime dimensions through
φ(xα) and X(xα). In this way, the integral over the extra dimensions can be performed over
the functions of the scalar field and its derivative, which matches the structure of general
scalar-tensor theories.
A. Tensor decomposition
We start by computing the Christoffel symbols. From Eq. (2), we get
Γαµν = Γ˜
α
µν(x
β) , (3)
Γαab = −
1
2
γab,φ φ
α +
1
2
γab,X φ
α
βφ
β , (4)
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Γabc = Γ¯
a
bc(φ,X, y) , (5)
Γaαb =
1
2
γac
[
γbc,φφα − γbc,Xφαβφβ
]
, (6)
Γαµa = Γ
a
µν = 0 , (7)
where Γ, Γ˜, and Γ¯ are the Christoffel symbols for the D-dimensional spacetime correponding
to the metric gAB, the effective 4-dimensional spacetime corresponding to g˜αβ, and the
submanifold of extra spatial dimensions corresponding to γmn, respectively. We use the
notations φα ≡ ∂αφ = ∇˜αφ, φαβ ≡ ∇˜α∇˜βφ, A,φ ≡ ∂A∂φ , and A,X ≡ ∂A∂X for any tensor A.
The next step is to obtain the elements of the Riemann tensor. Using Eqs. (3)–(7), we
obtain
Rαβµν = R˜
α
βµν . (8)
Rαβab = Aab [φβσφ
αφσ − φασφβφσ] , (9)
Rαaβb = −1
2
γab,φφβ
α +Babφβφ
α + Cabφ
αφβρφ
ρ (10)
+C¯abφβφ
α
ρφ
ρ +Dabφ
α
µφβνφ
µφν − 1
2
γab,XXβ
α , (11)
Rαabc = φ
αEabc + φ
α
βφ
βE¯abc , (12)
Rabcd = R¯
a
bcd − 2XF abcd − φµφµνφνHabcd + φµφµαφανφνJabcd , (13)
Rabcα = φαK
a
bc + φαβφ
βK¯abc , (14)
Rabαβ = A
a
b (φβµφ
µφα − φαµφµφβ) , (15)
Raαµν = 0 , (16)
Rαaµν = −γabg˜αβRbβµν = 0 , (17)
Raαbβ = γ
acg˜αµR
µ
cβb , (18)
Raαbc = −γadg˜αβRβdbc , (19)
Rαβµa = 0 , (20)
where all the rank two, three, and four tensors on the right-hand side depend on the extra
dimensional metric γmn and its derivatives. Their definitions are given in Appendix A. The
non-vanishing Ricci tensors are:
Rαβ = R
A
αAβ = R˜
ρ
αρβ +R
a
αaβ
= R˜αβ − 1
2
γφφβα +Bφβφα + Cφαφ
µφβµ + C¯φβφ
µφαµ +Dφαµφβνφ
µφν − 1
2
γXXβα ,(21)
Rab = R
A
aAb = R
α
aαb +R
c
acb
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= R¯ab − 1
2
γab,φ˜φ− 2X (Bab + Fab) +
(
Cab + C¯ab −Hab
)
φµφµνφ
ν
+(Dab + Jab)φ
µφµαφ
ανφν − 1
2
γab,X˜X , (22)
Raα = R
A
aAα = R
β
aβα +R
b
abα
= φαKa + K¯aφαβφ
β , (23)
Rαa = R
A
αAa = R
β
αβa +R
b
αba
= −φαγbdEdba − φαβφβγbdE¯dba
= φαKa + K¯aφαβφ
β, (24)
where
γφ = γ
abγba,φ , B = γ
abBba , C = γ
abCba , (25)
γX =γ
abγba,X , D = γ
abDba , C¯ = γ
abC¯ba , (26)
and Fab = F
c
acb, Hab = H
c
acb, Jab = J
c
acb, Ka = K
b
ab and K¯a = K¯
b
ab are traced with the
co-dimensional metric γab. The Ricci scalar in 4 + d dimensions can be expressed as
R = g˜αβRαβ + γ
abRab
= R˜ + R¯d − γφ˜φ− 2X(2B + F ) + (2C + 2C¯ −H)φµφµνφν
+(2D + J)φµφµαφ
ανφν − γX˜X , (27)
where R˜ is the Ricci scalar of the usual 4-dimensional spacetime and R¯d = γ
abR¯ab is the
Ricci scalar of the submanifold of the extra d dimensions. The remaining terms depend on
the metric γ, the scalar field and its kinetic term. We have defined F ≡ γabFab, H ≡ γabHab,
and J ≡ γabJab.
B. Effective four-dimensional action
After decomposing the tensors over the extra dimensions, we can insert the decomposition
of the D-dimensional Ricci scalar, Eqs. (27), into action (1), using Eq. (2), such that we
arrive at the following effective 4-dimensional action,
S =
M24+d
2
∫
d4x
√
−g˜
[
G4(φ,X)R˜+G2(φ,X) +G3(φ,X)˜φ
+ f1(φ,X)φ
µφµνφ
ν + f2(φ,X)φ
µφµαφ
ανφν + f3(φ,X)˜X
]
, (28)
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where
G4(φ,X) =
∫
ddy
√
γ(φ,X, y) , (29)
G2(φ,X) =
∫
ddy
√
γ(φ,X, y)
(
R¯d(φ,X, y)− 2Λ4+d − 2X(2B + F )
)
=
∫
ddy
√
γ
(
R¯d − 2Λ4+d −X
(
2γabγab,φφ − 3
2
γabγcdγbc,φγad,φ +
1
2
γ2φ
))
, (30)
G3(φ,X) = −
∫
ddy
√
γγabγba,φ , (31)
f1(φ,X) =
∫
ddy
√
γ(2C + 2C¯ −H)
=
∫
ddy
√
γ
[
2γabγab,φ,X +
1
2
γφγX − 3
4
γabγcd (γbc,φγad,X + γbc,Xγad,φ)
]
, (32)
f2(φ,X) =
∫
ddy
√
γ(2D + J)
=
∫
ddy
√
γ
[
3
4
γabγcdγbc,Xγad,X − γabγab,X,X − 1
4
γ2X
]
, (33)
f3(φ,X) = −
∫
ddy
√
γγbaγba,X . (34)
The effective 4-dimensional action in Eq. (28) contains three of the four free functions of the
Horndeski Lagrangian, which reads [15, 21]
L = G2(φ,X)−G3(φ,X)˜φ+G4(φ,X)R˜+G4X
[
(˜φ)2 − φµνφµν
]
+G5(φ,X)G˜
µνφµν − G5X
6
[
(˜φ)3 − 3˜φφµνφµν + 2φµνφνλφµλ
]
. (35)
Eq. (28) does not possess the G5 and G5X terms, the coefficients of the contraction of the
Einstein tensor with second-order derivatives of φ and the cubic combination of those that
maintains second-order equations of motion. Neither does the action contain the G4X term,
which is the coefficient for the quadratic combination of the second-derivatives of φ that
preserves second-order equations of motion. But the action contains the additional three
functions f1, f2, and f3, which can be mapped onto the beyond-Horndeski action.
C. Mapping of beyond-Horndeski terms
In the following, we shall perform the mapping of the effective 4-dimensional action arising
from the integration of the D− 4 co-dimensions over the Einstein-Hilbert action (Eq. (28))
onto the beyond-Horndeski action. In particular, we can recast the extra terms f1, f2, and f3
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in Eq. (28) as terms of the beyond-Horndeski action with quadratic combinations of second-
order derivatives of the scalar field φ. The generic form of a beyond-Horndeski action is
given by [22]
SbH =
∫
d4x
√−g
[
G(φ,X)R+ P (φ,X) +Q(φ,X)φ+
5∑
i=1
Ai(φ,X)Li
]
, (36)
where
L1 = φµνφµν , (37)
L2 = (φ)2, (38)
L3 = (φ)φµφµνφν , (39)
L4 = φµφµνφνβφβ, (40)
L5 = (φµφµνφν)2. (41)
For Horndeski theories A1 = −A2 and A3 = A4 = A5 = 0. Importantly, note that the full
Horndeski theory, which contains also the cubic combination of the second-order derivatives
of φ, the term attributed to G5X , and the contractions of the Einstein tensor with second-
derivatives of φ, the term attributed to G5, cannot be recovered from the action (36). But
these terms are also absent in Eq. (28). The first three terms in Eq. (28) are trivially mapped
onto G, P and Q. The fifth integral, over f2, can directly be mapped onto L4. Mapping the
fourth and sixth integrals from the effective action (28) onto the beyond-Horndeski form in
Eq. (36) requires more work.
Let us first consider the fourth integral, which is given by
I4 =
∫
d4x
√
−g˜f1(φ,X)φµφµνφν
= −
∫
d4x
√
−g˜φν∇˜µ(f1φµφν)
= −
∫
d4x
√
−g˜ (2X2f1φ −Xf1˜φ)−
∫
d4x
√
−g˜Xf1Xφµφµνφν , (42)
where in the second step we performed an integration by parts, and we used the fact that a
total derivative does not contribute to the equation of motion if we fix appropriate boundary
conditions.
For the second integral on the right-hand side of Eq. (42), we repeat the same step by
denoting f
(2)
1 = −Xf1X . We can repeat n integrations by parts to obtain the series of terms
I4 =
∫
d4x
√
−g˜f1(φ,X)φµφµνφν =
∫
d4x
√
−g˜
[
X
n∑
i=1
f
(i)
1 ˜φ− 2X2
n∑
i=1
f
(i)
1φ
]
, (43)
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where f
(i+1)
1 = −Xf (i)1X , f (1)1 = f1(φ,X), f (i)1φ = ∂f
(i)
1
∂φ
, and f
(n)
1X = 0 such that f
(2)
1 = −Xf1X
and f
(3)
1 = Xf1X+X
2f1XX . Eq. (43) makes it clear that the fourth integral I4 of the effective
action contributes to P (φ,X) and Q(φ,X) of the action (36).
The sixth and last integral in Eq. (28) can be written as
I6 =
∫
d4x
√
−g˜f3˜X = −
∫
d4x
√
−g˜f3∇˜µ(φµνφν)
=
∫
d4x
√
−g˜f3φφµφµνφν −
∫
d4x
√
−g˜f3Xφαφαµφµνφν . (44)
The first term on the right-hand side of Eq. (44) can be recast into the form of Eq. (43)
leading to contributions to P (φ,X) and Q(φ,X). The second term belongs to L4 in Eq. (40).
Therefore, we note that the sixth integral of the effective 4-dimensional action contributes
to P (φ,X), Q(φ,X), and A4(φ,X) of the beyond-Horndeski action.
Finally, we obtain the complete mapping of the effective 4-dimensional action (28) onto
the beyond-Horndeski form in Eq. (36),
G = G4, (45)
P = G3 +X
n∑
i=1
f
(i)
1 +X
m∑
i=1
f
(i)
3φ , (46)
Q = G2 − 2X2
n∑
i=1
f
(i)
1φ − 2X2
m∑
i=1
f
(i)
3φφ, (47)
A4 = f2 − f3X , (48)
A1 = A2 = A3 = A5 = 0 . (49)
This corresponds to the following Lagrangian,
L = G4(φ,X)R˜+ P (φ,X)˜φ+Q(φ,X) + A4(φ,X)φµφµνφνρφρ . (50)
Hence, the block diagonal ansatz in Eq. (2) leads the D-dimensional Einstein-Hilbert action
to a restricted class of beyond-Horndeski theories.
D. Special case: luminal speed of gravitational waves
Requiring a luminal speed of gravity cg = c [23, 24] restricts the form of the beyond-
Horndeski (or quadratic DHOST) action (36) to [25]
A1 = A2 = 0 , (51)
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A4 =
1
8G
[
48G2X − 8(G−XGX)A3 −X2A23
]
, (52)
A5 =
1
2G
(4GX +XA3)A3 , (53)
where here G, P , Q, and A3 are free functions of both φ and X . It is worth noting that the
mapping of the effective 4-dimensional action onto the beyond-Horndeski action in Eqs. (45)–
(49) is consistent with the conditions (51)–(53) and the additional restriction A3 = 0. For
γmn,X 6= 0, this leads to a restriction on γmn(φ,X, y) such that A4 = 6G24X/G4.
If we further restrict to the special case where γmn,X = 0, we recover
L = G4(φ)R˜ + P (φ,X)˜φ+Q(φ,X) , (54)
which corresponds to the subset of Horndeski theories for which gravitational waves propa-
gate at the speed of light, G4X = G5 = 0 [26].
III. D-DIMENSIONAL EINSTEIN-GAUSS-BONNET ACTION
In Sec. II we have seen that the integration of the Einstein-Hilbert action over the d
co-dimensions with the decomposition (2) can be embedded in the 4-dimensional beyond-
Horndeski action (36). We have also found that a restriction to the Horndeski terms recovers
the subclass of models that exhibit a luminal propagation speed of gravitational waves. This
implies that the coefficients of the quadratic (G4X) and cubic (G5X) combinations of second
derivatives of φ and the coefficient of the contraction of second derivatives with the Einstein
tensor (G5) are all vanishing. In the following, we want to explore how non-vanishing
G4X , G5, and G5X may arise through a higher-dimensional action. It is well known that
a φ-dependent coupling of the 4-dimensional Gauss-Bonnet term can be mapped onto the
Horndeski action with contributions to G4X , G5, and G5X [21] (see Sec. III B). We shall
hence consider the extension of the Einstein-Hilbert action with the Gauss-Bonnet term in
higher dimensions
S =
M24+d
2
∫
d4+dx
√
− det(gAB) [R− 2Λ4+d + λGb] , (55)
where λ is a constant and the Gauss-Bonnet term is given by
Gb = R
2 − 4RABRAB +RABCDRABCD . (56)
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In D = 4 dimensions, the Gauss-Bonnet term can be written as a boundary term, which
implies that it does not contribute to the equations of motion [20]. In higher dimensions, it
leads to second-order corrections to the equations of motion such that there are no Ostro-
gradski ghosts [20].
Adopting the line element in Eq. (2), we will now cast the action (55) into an effective
4-dimensional scalar-tensor theory. Note that a similar procedure was recently carried out
for a metric decomposition of the form γmn(x, y) = φ(x)
2γˆmn(y) of action (55) [27], using the
embedding of the coupled 4-dimensional Gauss-Bonnet term in Horndeski theory [21] (see
Sec. III B). With the adoption of the line element in Eq. (2) we generalise this approach to a
broader range of metric decompositions with a scalar field, recovering this special scenario for
γmn(φ(x), X(x), y) = φ(x)
2γˆmn(y) (see Sec. IIIC). In particular, our generalisation allows for
anX dependence of γmn, which introduces beyond-Horndeski, DHOST, and beyond-DHOST
terms.
A. Tensor decomposition
Separating out the Gauss-Bonnet contribution into terms of g˜µν , we find
Gb =
(
R˜2 − 4R˜αβR˜αβ + R˜αβµνR˜αβµν
)
+ c1R˜ + c2G˜
µνφµν
+ c3 + c4˜φ+ c5φ
µφµνφ
ν + c6
(
˜φ
)2
+ c7φ
αβφαβ + c8
(
˜φ
)
φµφµνφ
ν
+ c9φ
µφµαφ
ανφν + c10 (φ
µφµνφ
ν)2 + c11˜X + c12φ
αXαβφ
β + c13R˜αβφ
αφβ
+ c14φ
µφµαφ
αβφβνφ
ν + c15(φ
αφαβφ
β)φµφµνφ
νρφρ + c16(˜φ)φ
µφµαφ
ανφν
+
[
c17R˜φ
µφµνφ
ν + c18R˜φ
µφµαφ
ανφν + c19R˜˜X + c20(˜φ)˜X + c21
(
˜X
)
φµφµνφ
ν
+c22 (φ
µφµαφ
ανφν)
2 + c23
(
˜X
)
φµφµαφ
ανφν + c24
(
˜X
)2
+ c25R˜αβφ
αφβµφµ
+c26R˜αβφ
αµφβνφµφν + c27R˜αβX
βα + c28φαβX
αβ + c29φαX
αβφβµφ
µ
+c30φ
µφµαX
αβφβνφ
ν + c31XαβX
αβ
]
, (57)
where the ci(φ,X, y) (i = 1, 2, ..., 31) are functions of the co-dimensional metric γmn. In
particular, they are explicitly independent of the 4-dimensional metric g˜µν . The explicit
forms of the ci are given in Appendix A.
On the right-hand side of Eq. (57), the first term in the parenthesis, is the Gauss-Bonnet
term constructed out of the effective 4-dimensional spacetime metric. The terms with coeffi-
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cients ci (i = 1, 2, ..., 13) contribute to the various terms of the beyond-Horndeski action (36)
with quadratic combinations of second-order derivatives of the scalar field φ. Of these, the
terms with coefficients c6, c7, c8, c9, c10 are directly related to the beyond-Horndeski terms
given by the Li of Eq. (36). One can furthermore show that the terms with coefficients
c11, c12, c13 can also be recast into the form of these Lagrangians, by integrating by parts
and making use of the contracted Bianchi identity. The terms with the coefficients c14,
c15, and c16 contain cubic combinations of second-order derivatives of φ. These three terms
belong to the DHOST action [25]. All other remaining terms inside the square bracket are
beyond DHOST. When all these terms are inserted into Eq. (55), after integration over all
extra spatial d-dimensions, we are left with the coefficients
Ci(φ,X) =
∫
ddy
√
γ ci(φ,X, y) . (58)
B. Higher-order derivatives
The contribution of the 4-dimensional Gauss-Bonnet term to the action (55) is given by
S ⊃ λ
∫
d4x
√
−g˜ G4(φ,X)
(
R˜2 − 4R˜αβR˜αβ + R˜αβµνR˜αβµν
)
, (59)
where G4(φ,X) represents the volume of the extra dimensions specified in Eq. (29). In the
following, we map out this integral to the beyond Horndeski and DHOST theories, and we
also identify new terms that go beyond that.
For this purpose, let us consider the following result obtained in Ref. [21]. A scalar field
coupled to the Gauss-Bonnet term as∫
d4x
√
−g˜ξ(φ)
(
R˜2 − 4R˜µνR˜µν + R˜µνρσR˜µνρσ
)
, (60)
can be embedded in the Horndeski Lagrangian (35) with
G2 = 8ξ
(4)X2 (3− lnX) , (61)
G3 = 4ξ
(3)X (7− 3 lnX) , (62)
G4 = 4ξ
(2)X (2− lnX) (63)
G5 = −4ξ(1) lnX , (64)
where ξ(n) = ∂
nξ
∂φn
. This result was used in Ref. [27] to map the decomposition γmn(x, y) =
φ(x)2γˆmn(y) of the action (55) onto Horndeski theory. However, in our case, we cannot di-
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rectly apply these expressions as the function multiplying the Gauss-Bonnet term in Eq. (59)
depends not only on φ but also on X .
To circumvent this problem, we use the following strategy:
(i) We use the freedom to redefine ξ(φ) = φ in Eq. (60).
(ii) We introduce an intermediate scalar field φ ≡ φ(φ′, X ′), where X ′ = −1
2
φ′αφ′α.
(iii) We rewrite the final result as ξ → G4, φ′ → φ, and X ′ → X .
Following this strategy, (i) setting ξ(φ) = φ in Eq. (60), we get ξ(1) = 1, ξ(2) = ξ(3) =
ξ(4) = 0. Then, from Eq. (61)–(64), we obtain G5 = −4 lnX and G5X = − 4X as well as
G2 = G3 = G4 = 0. Next, (ii) we introduce an intermediate scalar field φ ≡ φ(φ′, X ′). A
derivative acting on the scalar field then implies
∇µφ = ∂φ
∂φ′
φ′µ +
∂φ
∂X ′
X ′µ = ξφ′φ
′
µ − ξX′φ′µαφ′α , (65)
where, in the last step, we use φ = ξ and, hence, ∂φ
∂φ′
= ∂ξ
∂φ′
= ξφ′ as well as, similarly,
∂φ
∂X′
= ξX′. With Eq. (65) we have
X = −1
2
∇˜µφ∇˜µφ = ξ2φ′X ′ + ξφ′ξX′φ′µφ′µαφ′α −
1
2
ξ2X′φ
′
αφ
′αµφ′µβφ
′β . (66)
Note that by setting φ = φ(φ′) = ξ(φ′) and X = ξ2φ′X
′, we recover again the full expressions
of the mapping in Eqs. (61)–(64) in terms of the primed variables φ′ and X ′. We show this
explicitly in Appendix B. Using Eq. (66), we get
G5 = −4 lnX = −4 ln
(
ξ2φ′X
′
)− 4 ln
[
1 +
ξX′
X ′ξφ′
φ′µφ′µαφ
′α − ξ
2
X′
2X ′ξ2φ′
φ′αφ
′αµφ′µβφ
′β
]
(67)
and
G5X = − 4
X
= − 4
ξ2φ′X
′
[
1 +
ξX′
X ′ξφ′
φ′µφ′µαφ
′α − ξ
2
X′
2X ′ξ2φ′
φ′αφ
′αµφ′µβφ
′β
]
−1
. (68)
Next, we compute
φνµ = ∇˜ν∇˜µφ
= ξ
(2)
φ′ φ
′
νφ
′
µ + ξφ′φ
′
νµ − ξ(2)φ′X′φ′µφ′ναφ′α − ξ(2)φ′X′φ′νφ′µαφ′α + ξ(2)X′ φ′µαφ′νβφ′αφ′β
−ξX′φ′µαφ′να − ξX′φ′νµαφ′α . (69)
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With Eqs. (67) and (69) we obtain
G5G˜
µνφµν = −4ξ(2)φ′ ln
(
ξ2φ′X
′
) [
R˜µνφ′µφ
′
ν +X
′R˜
]
− 4ξφ′ ln
(
ξ2φ′X
′
)
G˜µνφ′µν
+(beyond-DHOST terms) , (70)
where the beyond-DHOST terms contain arbitrary powers of combinations of second-order
derivatives of the scalar field φ′. These are due to the second logarithmic term on the
right-hand side of Eq. (67). They also contain higher-order derivatives of the scalar field φ′.
We next compute the last term of Eq. (35) for the primed variables,
[
(˜φ)3 − 3˜φφµνφµν + 2φµνφνλφµλ
]
= P ′φ′µφ′µνφ
′ν + A′1(˜φ
′)2 + A′2φ
′µνφ′µν + A
′
3(˜φ
′)φ′µφ′µνφ
′ν + A′4φ
′µφ′µνφ
′νρφ′ρ
+A′5(φ
′µφ′µνφ
′ν)2 +B′1(˜φ
′)3 +B′2(˜φ
′)2φ′µφ′µνφ
′ν +B′3(˜φ
′)φ′µνφ′µν
+B′4(˜φ
′)φ′µφ′µνφ
′νρφ′ρ +B
′
5(˜φ
′)(φ′µφ′µνφ
′ν)2 +B′6(φ
′αβφ′αβ)(φ
′µφ′µνφ
′ν)
+B′7(φ
′αφ′αβφ
′βρφ′ρ)(φ
′µφ′µνφ
′ν) +B′8φ
′
µνφ
′νρφ′ρ
µ +B′9φ
′
µφ
′µνφ′νρφ
′ρσφ′σ
+B′10(φ
′µφ′µνφ
′ν)3 + C ′(˜φ′α)φ
′α +D′φ′µφ
′
νφ
′νµαφ′α + (beyond-DHOST terms) , (71)
where the beyond-DHOST terms include higher powers (up to 8) of combinations of second-
order derivatives of φ′ and also higher-order derivative terms. The coefficients P ′(φ′, X ′),
A′i(φ
′, X ′), B′i(φ
′, X ′), C ′(φ′, X ′), and D′(φ′, X ′) in terms of ξ(φ′, X ′) are specified in Ap-
pendix A. Using Eqs. (68) and (71) we compute G5X
[
(φ)3 − 3φφµνφµν + 2φµνφνλφµλ
]
,
which generates contributions to all DHOST terms in the primed variables. There are also
beyond-DHOST terms appearing, which due to the inverse factor in G5X in Eq. (68) cannot
be thrown away by setting their coefficients to zero.
Finally, our procedure recovers Eq. (59) by using Eqs. (70) and (71) and replacing φ′ → φ
and X ′ → X and ξ(φ′, X ′) → G4(φ,X). Hence, we have generalised the scalar-tensor
theory mapping of the 4-dimensional Gauss-Bonnet term coupled with the scalar field via
a function ξ(φ) [21] to the more general coupling G4(φ,X). We conclude that a general
metric decomposition of D = 4+d dimensions of the Einstein-Gauss-Bonnet action leads to
contributions to all the known terms present in DHOST as well as to higher-order derivative
terms, which we dub beyond DHOST. It would be interesting to study if these terms spoil
the healthiness of the theory. We expect that this should not be the case since our starting
point is a higher-dimensional action that yields second-order field equations, but we leave a
more detailed analysis to future work.
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C. Special case: γmn,X = 0
As a special case of our result, let us briefly consider the restriction to γmn,X = 0, for
which all the beyond-DHOST terms vanish. The only non-zero coefficients are C1, C2, C3,
C4, C5, C6, C7, and C13. The effective 4-dimensional Lagrangian for the action (55) then
becomes
L = (G4(φ) + λC1(φ,X)) R˜ + (P (φ) + λC4(φ,X)) ˜φ+ λC5(φ)φµφµνφν
+Q(φ,X) + λC3(φ,X) + λC6(φ)
[(
˜φ
)2 − φµνφµν]+ λC13(φ)R˜αβφαφβ
+λC2(φ)G˜
µνφµν + λG4(φ)
(
R˜2 − 4R˜αβR˜αβ + R˜αβµνR˜αβµν
)
, (72)
where G4(φ), P (φ), and Q(φ,X) are the same functions as in Eq. (45)–(49). C1−7 and C13
are the volume integrals (58) of the ci coefficients specified in Eqs. (A15)–(A45). While most
of the terms obviously fit into a Horndeski action, we notice that in general C6 6= C1,X , which
can be integrated as an extra assumption or as a constraint imposed on a restricted class of
ansa¨tze for the line element. In the following, we assume C6 = C1,X . The last term on the
right-hand side of Eq. (72) can be mapped into Horndeski theory using Eqs. (60)-(64). C5
and C13 require more work for the mapping onto the Horndeski action. These can be recast
into the known forms by integration by parts,∫
d4x
√
−g˜C5(φ)φµφµνφν =
∫
d4x
√
−g˜XC5(φ)˜φ− 2
∫
d4x
√
−g˜X2C5,φ (73)
and∫
d4x
√
−g˜C13(φ)R˜αβφαφβ =
∫
d4x
√
−g˜C13φβ
[
˜φβ − ∇˜β(˜φ)
]
=
∫
d4x
√
−g˜C13
[
(˜φ)2 − φαβφαβ
]
− 3
∫
d4x
√
−g˜XC13,φ˜φ+ 2
∫
d4x
√
−g˜X2C13,φφ . (74)
We note that the line element satisfying the restricting condition γmn,X = 0 maps the d-
dimensional Einstein-Gauss-Bonnet action into a Horndeski theory with free functions of φ
only, while the X dependence enters in specific form in those functions. For the simplest
line element used in Ref. [27] γmn = φ
2(x)γˆmn(y), we have C6 = C1,X and we obtain
C1(φ,X) = 2φ
d−2 (a1 + 2Vd(d− 1)X) , (75)
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C2(φ) = 8dφ
d−1V , (76)
C3(φ,X) = φ
d−4
[
a2 + 4a1(d− 2)(d− 3)X + 4Vd(d− 1)(d− 2)(d− 3)X2
]
, (77)
C4(φ,X) = −4a1(d− 2)φd−3 − 8d(d− 1)(d− 2)VXφd−3 , (78)
C5 = C13 = 0 , (79)
C6(φ) = 4Vd(d− 1)φd−2 = C1,X(φ) , (80)
G4(φ) = φ
dV , (81)
P (φ) = −2dφd−1V , (82)
Q(φ,X) = φd−2 [a1 − 2Vd(d− 1)X ]− 2φdΛ4+dV , (83)
where
V =
∫
ddy
√
γˆ , a1 =
∫
ddy
√
γˆRˆd , a2 =
∫
ddy
√
γˆ(Rˆ2d − 4RˆabRˆab + RˆabcdRˆabcd)
are constants with respect to the 4-dimensional spacetime metric as these are integrals of
all extra dimensions y and do not depend on φ(xα) and X(xα). Using Eqs. (75)–(83) and
Eqs. (61)–(64) in Eq. (72) we obtain the final form of the effective theory embedded in
Horndeski gravity,
LfH = Gf2(φ,X)−Gf3(φ,X)˜φ+Gf4(φ,X)R˜ +Gf4X
[
(˜φ)2 − φµνφµν
]
+Gf5(φ,X)G˜
µνφµν − G
f
5X
6
[
(˜φ)3 − 3˜φφµνφµν + 2φµνφνλφµλ
]
, (84)
where
Gf2 = φ
d−2 [a1 − 2Vd(d− 1)X ]− 2VΛ4+dφd + λφd−4 [a2 + 4a1(d− 2)(d− 3)X
+4Vd(d− 1)(d− 2)(d− 3)X2(7− 2 lnX)] , (85)
Gf3 = 2Vdφd−1 + λφd−3 [4a1(d− 2) + 12Vd(d− 1)(d− 2)X(3− lnX)] , (86)
Gf4 = Vφd + λφd−2 [2a1 + 4Vd(d− 1)X(3− lnX)] , (87)
Gf5 = 4λVdφd−1(2− lnX) . (88)
The interesting aspect of this restricted class is that it shows that the higher-order derivatives
arise only because of the X dependence of the extra-dimensional metric γmn. Without this
dependence, the effective 4-dimensional theory is nothing else but a subclass of Horndeski
gravity. It seems therefore that this dependence is a necessary ingredient to build DHOST
theories and perhaps it can be seen as a general tool to generate higher-order derivative
terms in the action.
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IV. GENERALISATIONS
We briefly discuss two extensions to our results that one may consider to further generalise
the scalar-tensor theories that can be obtained from integrating out the co-dimensions of
the higher-dimensional theory. These are an extension of the current Einstein-Gauss-Bonnet
action to Lovelock gravity (Sec. IVA) and a disformal relation between the metrics of the
geometric action and that defining geodesic free fall in the matter sector (Sec. IVB). Another
interesting generalisation, which we shall however not discuss in more detail here, is the
decomposition of the metric with additional fields such as vectors, tensors, or further scalars
as a means to generate extended theories of gravity such as scalar-vector-tensor models. We
leave a more detailed exploration of these approaches to future work.
A. Beyond Einstein-Gauss-Bonnet gravity in higher dimensions
In general, free function counting is a powerful tool to guess if two descriptions of the
same theory can be equivalent. DHOSTs that are cubic in second-order derivatives are
specified by a total of 19 free functions [25]. For the mapping to work, the number of extra
spacetime dimensions should be high enough for the components of γmn to contain these
19 free functions. With d ≥ 6 (D ≥ 10), there is enough space to store 21 independent
functions of φ and X in γmn. However, a careful look at Eq. (57) reveals that a maximum of
12 free functions can be independently generated if we consider the Einstein-Gauss-Bonnet
terms. This holds even if d ≥ 6. Moreover, in the restricted case γmn,X = 0, Horndeski
theories appeared with free functions of φ but X entered in a special form.
If the aim is to generate the full freedom of DHOST and Horndeski theories from higher
dimensions, to generate more free functions, one could start from the most general gravita-
tional theory in D dimensions that leads to symmetric rank-two divergence-free equations
of motion. These are Lovelock gravity theories in arbitrary D dimensions [2, 3, 20, 28]. For
D ≤ 6, Lovelock gravity includes only the Ricci scalar and the Gauss-Bonnet term. But
for higher dimensions (D > 6), the Lovelock Lagrangian contains additional, higher-order
terms that still maintain second-order field equations (in terms of the derivatives of the
metric) [2, 3, 20]. More specifically, for D dimensions, the Lagrangian for Lovelock models
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is given by [2, 3, 20, 28]
L =
(D−1)/2∑
m=1
cmLm , (89)
where the sum spans all integers 1 ≤ m < (D − 1)/2 and
Lm =
1
4m
δA1A2 ...A2mB1 B2 ....B2m RA1A2
B1B2 .....RA2m−1 A2m
B2m−1 B2m . (90)
Here, δA1...A2mB1....B2m = ǫB1....B2mǫ
A1...A2m is the generalized Kronecker delta symbol defined in terms
of the Levi-Civita symbol. Form = 1 and m = 2 we get L1 = R and L2 = Gb (Gauss-Bonnet
term) respectively. Therefore the next higher-order Lovelock term is
L3 =
1
64
ǫB1B2B3B4B5B6ǫ
A1A2A3A4A5A6RA1A2
B1B2RA3A4
B3B4RA5A6
B5B6 , (91)
which is cubic in the Riemann tensor. By adding appropriate Lovelock terms in the D-
dimensional action and following our dimensionality reduction scheme, we can therefore
increase the number of available free functions. This may be an interesting avenue to pursue
to generate the full freedom in the X dependence of the currently restricted DHOST and
Horndeski coefficients.
B. Disformal transformation
Another way to generate two further free functions of φ and X is to express the effective
action in terms of a disformally related metric
gˆµν = Ω(φ,X)g˜µν + η(φ,X)∂µφ∂νφ . (92)
This kind of transformation preserves Lorentz invariance and causality. A motivation for
such a transformation may arise from the material part of the action, where matter fields
may follow geodesics of gˆ rather than g˜. The transformation would hence correspond to a
recasting of the geometric part of the action into Jordan frame. While removing the X de-
pendence in Ω and η preserves the form of a Horndeski theory [29], it was already suspected
that any kinetic dependence in the disformal functions may result in an equation of motion
containing higher-order derivatives. The authors of Ref. [30] have shown that these general
disformal transformations map one DHOST theory to another without violation of the de-
generacy condition. In this way, it may be possible to map the effective 4-dimensional action
to another DHOST containing two additional free functions by application of a disformal
transformation.
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V. CONCLUSIONS
We have examined dimensionality reduction of a D-dimensional gravity with higher-
order curvature terms to a 4-dimensional effective scalar-tensor theory for a very general
co-dimensional metric ansatz. We first studied the integration of the extra dimensions of
the D-dimensional Einstein-Hilbert action with a cosmological constant and subsequently
its extension with the supplement of a Gauss-Bonnet term.
For the Einstein-Hilbert action, this results in a restricted class of quadratic beyond-
Horndeski theories which preserve the propagation speed of gravitational waves. The further
restriction to an extra-dimensional metric that is independent of the kinetic contribution of
the scalar field X yields a recovery of the full subset of 4-dimensional Horndeski theories
with luminal speed of gravity.
We then generalised the approach with the supplement of the higher-dimensional Gauss-
Bonnet term. We found that this term generates contributions to all the known DHOST
terms that are cubic in second-order derivatives, but it also generates higher-order deriva-
tives, which we dubbed ‘beyond DHOST’. We defer the question of the healthiness of these
extra terms to a Hamiltonian analysis, but since we started from a healthy theory, we
deem it very likely that the resulting effective action should be stable as well. Interestingly,
when the extra-dimensional metric is independent of X , i.e., γmn,X = 0, all the DHOST
and beyond-DHOST terms vanish and the surviving terms remain embedded in the full
Horndeski theory under a minimal restriction of the D-dimensional line element ansatz.
As the simplest example of this scenario, we recovered and confirmed the results obtained
by integration of higher-dimensional Einstein-Gauss-Bonnet gravity for γmn = φ
2(x)γˆmn(y)
performed in Ref. [27].
Importantly, while our general results exhibit an X dependence of the coefficients of the
higher-derivative terms, they are not arbitrary functions of X . We discussed several possi-
ble generalisations of our work that may restore the full generality of these functions. For
example, we have not used the most general action in D > 6 dimensions that preserves the
second-order nature of the equations of motion, which is given by Lovelock theory instead.
An extension of our work to Lovelock gravity would introduce additional terms in the ef-
fective 4-dimensional action. Another aspect, which we have not addressed is the coupling
to matter. We have considered the gravitational sector of the action alone and ignored the
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matter sector. For example, the matter species could couple non-universally to disformally
related metrics, which preserve causality and Lorentz invariance. The gravitational sector
when expressed in the Jordan frame of any of the species would then be generically more
complicated. Finally, the considered line element is already very restrictive. In fact, we
could have considered many other possibilities, such as introducing a new vector or tensor
degree of freedom. Our choice was supported only by simplicity and by no means was it
supported by exhaustive generality. The difficulty of generalising this line element analyt-
ically is obvious and comes from the computation of the determinant of a D dimensional
non-block diagonal metric. Analytical automatised tensor manipulation programmes could
indeed simplify the analysis of this kind of generalisation. We leave the extension of our
results with these approaches to future work.
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Appendix A: Extra tensor definitions
We report here the definitions of intermediate tensors that appear in the main text in
Sec. II:
Aab =
1
4
γcd (γac,φγbd,X − γbc,φγad,X) , (A1)
Bab =
1
4
(
γcdγbc,φγad,φ − 2γab,φφ
)
, (A2)
Cab =
1
4
(
2γab,φ,X − γcdγbc,φγad,X
)
, (A3)
C¯ab =
1
4
(
2γab,X,φ − γcdγbc,Xγad,φ
)
, (A4)
Dab =
1
4
(
γcdγbc,Xγad,X − 2γab,X,X
)
, (A5)
Eabc =
1
2
[∇¯c(γab,φ)− ∇¯b(γac,φ)] , (A6)
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E¯abc =− 1
2
[∇¯c(γab,X)− ∇¯b(γac,X)] , (A7)
F abcd =
1
4
γae (γed,φγbc,φ − γec,φγbd,φ) , (A8)
Habcd =
1
4
γae (γed,φγbc,X + γed,Xγbc,φ − γec,Xγbd,φ − γec,φγbd,X) , (A9)
Jabcd =
1
4
γae (γed,Xγbc,X − γec,Xγbd,X) , (A10)
Kabc =
1
2
γad
[∇¯d(γbc,φ)− ∇¯b(γdc,φ)] , (A11)
K¯abc =− 1
2
γad
[∇¯d(γbc,X)− ∇¯b(γdc,X)] , (A12)
where
γφ =γ
abγba,φ , B = γ
abBba , C = γ
abCba , (A13)
γX =γ
abγba,X , D = γ
abDba , C¯ = γ
abC¯ba , (A14)
and Fab = F
c
acb, Hab = H
c
acb, Jab = J
c
acb, Ka = K
b
ab, and K¯a = K¯
b
ab. The extra coefficients
appearing in the integration of the Gauss-Bonnet term in Sec. III are specified by
c1 =2
(
R¯d − 2X (2B + F )
)
, (A15)
c2 =4γφ , (A16)
c3 =
(
R¯d − 2X (2B + F )
)2 − 4 (R¯ab − 2X(Bab + Fab)) (R¯ab − 2X(Bab + F ab))
+ 16X2B2 + 16XKaK
a + 16X2BabB
ab − 4XKabcKabc − 4XEabcEabc
+
(
R¯abcd − 2XFabcd
) (
R¯abcd − 2XF abcd) , (A17)
c4 =− 2γφ
(
R¯d − 2X (2B + F )
)
+ 4γab,φ
(
R¯ab − 2X(Bab + F ab)) , (A18)
c5 =2
(
2C + 2C¯ −H) (R¯d − 2X (2B + F ))− 8B
(
−1
2
γφ −X(C + C¯)
)
− 8 (R¯ab − 2X(Bab + Fab)) (Cab + C¯ab −Hab)− 16KaK¯a
− 16XBab
(
Cab + C¯ab
)
+ 4XFabcdH
abcd + 4KabcK¯
abc + 4EabcE¯
abc
− 2Habcd
(
R¯abcd − 2XF abcd)− 4Babγab,φ , (A19)
c6 =γ
2
φ − γacγbdγab,φγcd,φ , (A20)
c7 =− γ2φ + γacγbdγab,φγcd,φ , (A21)
c8 =− 2γφ
(
2C + 2C¯ −H)+ 4γab,φ (Cab + C¯ab −Hab) , (A22)
c9 =2(2D + J)
(
R¯d − 2X (2B + F )
)− 8(−1
2
γφ(C + C¯)−X(C2 + C¯2)
)
22
− 8 (R¯ab − 2X(Bab + Fab)) (Dab + Jab)− 8K¯aK¯a − 8XAabAab
− 4γab,φ(Cab + C¯ab)− 8XCabCab − 8XC¯abC¯ab + 2R¯abcdJabcd − 4XFabcdJabcd
+ 2K¯abcK¯
abc + 2E¯abcE¯
abc , (A23)
c10 =(2C + 2C¯ −H)2 − 8BD − 8CC¯ − 4
(
Cab + C¯ab −Hab
) (
Cab + C¯ab −Hab)
− 4AabAab + 8BabDab + 8CabC¯ab +HabcdHabcd , (A24)
c11 =− 2γX
(
R¯d − 2X (2B + F )
)
+ 4γab,X
(
R¯ab − 2X(Bab + F ab)) , (A25)
c12 =4BγX − 4γab,XBab , (A26)
c13 =− 8B , (A27)
c14 =4γφD − 4γab,φDab , (A28)
c15 =2
(
2C + 2C¯ −H) (2D + J)− 8D(C + C¯)
− 8 (Cab + C¯ab −Hab) (Dab + Jab)+ 8 (Cab + C¯ab)Dab − 2HabcdJabcd , (A29)
c16 =− 2γφ(2D + J) + 4γab,φ(Dab + Jab) , (A30)
c17 =2(2C + 2C¯ −H) , (A31)
c18 =2(2D + J) , (A32)
c19 =− 2γX , (A33)
c20 =2γφγX − 2γacγbdγab,φγcd,X , (A34)
c21 =− 2γX(2C + 2C¯ −H) + 4γab,X(Cab + C¯ab −Hab) , (A35)
c22 =(2D + J)
2 − 4D2 − 4(Dab + Jab)(Dab + Jab) + 4DabDab + JabcdJabcd , (A36)
c23 =− 2γX(2D + J) + 4γab,X(Dab + Jab) , (A37)
c24 =γ
2
X − γacγbdγab,Xγcd,X , (A38)
c25 =− 8(C + C¯) , (A39)
c26 =− 8D , (A40)
c27 =4γX , (A41)
c28 =− 2γφγX + 2γacγbdγab,φγcd,X , (A42)
c29 =γX(C + C¯)− 4γab,X(Cab + C¯ab) , (A43)
c30 =4γXD − 4γab,XDab , (A44)
c31 =− γ2X + γacγbdγab,Xγcd,X . (A45)
23
The coefficients arising from the integration of the Gauss-Bonnet action in Eq. (71) are given
by
P ′ =24X ′2(ξ
(2)
φ′ )
2(ξX′ − 2ξ(2)X′φ′) , (A46)
A′1 =− 6X ′ξ2φ′ξ(2)φ′ , (A47)
A′2 =6X
′ξ2φ′ξ
(2)
φ′ , (A48)
A′3 =12X
′ξ
(2)
φ′ ξ
(2)
X′φ′ξφ′ − 6ξ2φ′ξ(2)φ′ , (A49)
A′4 =6ξ
2
φ′ξ
(2)
φ′ − 4X ′(ξ(2)φ′ )2ξ′X + 48X ′2ξ(2)φ′ (ξ(2)X′φ′)2 , (A50)
A′5 =− 32Xξ(2)φ′ (ξ(2)X′φ′)2 + 4X(ξ(2)φ′ )2ξ(2)X′ + 24X ′ξ(2)φ′ ξ(2)X′φ′ξX′ − 4ξφ′ξ(2)φ′ ξ(2)X′φ′ , (A51)
B′1 =ξ
3
φ′ , (A52)
B′2 =− 6ξ2φ′ξ(2)X′φ′ , (A53)
B′3 =12X
′ξφ′ξ
(2)
φ′ ξ
′
X − 3ξ3φ′ , (A54)
B′4 =− 12X ′ξφ′ξ(2)φ′ ξ(2)X′ + 12ξ2φ′ξ(2)X′φ′ + 6ξφ′ξ(2)φ′ ξX′ − 12X ′ξφ′(ξ(2)X′φ′)2 , (A55)
B′5 =6ξφ′((ξ
(2)
X′φ′)
2 − ξ(2)φ′ ξ(2)X′ ) , (A56)
B′6 =− 24X ′ξ(2)φ′ ξ(2)X′φ′ξX′ + 6ξ(2)X′φ′ξ2φ′ + 12X ′ξ2X′ξ(2)φ′ + 6ξX′ξφ′ξ(2)φ′ , (A57)
B′7 =24X
′ξ
(2)
φ′ ξ
(2)
X′ ξ
(2)
X′φ′ − 24ξφ′(ξ(2)X′φ′)2 − 12ξ(2)φ′ ξ(2)X′φ′ξ′X + 24X(ξ(2)X′φ′)3
− 12X ′ξX′ξ(2)X′ ξ(2)φ′ − 6ξφ′ξ(2)φ′ ξ(2)X′ , (A58)
B′8 =− 12X ′ξφ′ξ(2)φ′ ξX′ + 2ξ3φ′ , (A59)
B′9 =8X
′ξ
(2)
φ′ ξ
(2)
X′φ′ξX′ + 12X
′ξφ′ξ
(2)
φ′ ξ
(2)
X′ − 16X ′ξφ′(ξ(2)X′φ′)2 − 12ξφ′ξ(2)φ′ ξX′
− 16ξ2φ′ξ(2)X′φ′ , (A60)
B′10 = 0 , (A61)
C ′ =8X ′
2
ξX′(ξ
(2)
φ′ )
2 , (A62)
D′ =4X ′ξX′(ξ
(2)
φ′ )
2 . (A63)
Appendix B: φ = φ(φ′) = ξ(φ′)
Finally, we show the recovery of the result of Ref. [27] for the case of a scalar field coupling
to the Gauss-Bonnet term. This corresponds to φ = φ(φ′) = ξ(φ′), G5 = −8 ln ξ(1) − 4 lnX ′
24
and G5X = − 4(ξ(1))2X′ where ξ(1) = ∂ξ/∂φ′. Then∫
d4x
√−gG5X
[
(φ)3 − 3φφµνφµν + 2φµνφνλφµλ
]
=−
∫
d4x
√−g
(
4ξ(1)
X ′
)[
(φ′)3 − 3φ′φ′µνφ′µν + 2φ′µνφ′νλφ′µλ
]
+ 24
∫
d4x
√−gξ(2) [(φ′)2 − φ′µνφ′µν]+ 24
∫
d4x
√−g
(
ξ(2)
X ′
)
(φ′)φ′µφ
′µνφ′ν
− 24
∫
d4x
√−g ξ
(2)
X ′
φ′λφ
′λ
µφ
′µνφ′ν . (B1)
The first two terms already have the correct form to be mapped onto a G4X or G5X term in
Horndeski theory. We thus focus on the last two terms. By integration by parts, we obtain∫
d4x
√−g
(
ξ(2)
X ′
)
(φ′)φ′µφ
′µνφ′ν
= −
∫
d4x
√−gξ(2)∇ν (lnX ′)φ′ν(φ′)
=
∫
d4x
√−g [−2X ′ lnX ′ξ(3)φ′ + ξ(2) lnX ′(φ′)2 + ξ(2) lnX ′φ′ν∇ν(φ′)] (B2)
and∫
d4x
√−g
(
ξ(2)
X ′
)
φ′λφ
′λ
µφ
′µνφ′ν
=−
∫
d4x
√−gξ(2)φ′µνφ′ν∇µ (lnX ′)
= +
∫
d4x
√−g
[
−ξ(4)X ′2 lnX ′ + 1
2
X ′ lnX ′ξ(3)φ′ + lnX ′ξ(2)φ′µνφ′µν + lnX
′ξ(2)φ′νφ
′ν
]
,
(B3)
where we used∫
d4x
√−g lnX ′ξ(3)φ′µφ′µνφ′ν =
∫
d4x
√−g
[
1
2
ξ(3)X ′ lnX ′φ′ − ξ(4)X ′2 lnX ′
]
. (B4)
Using Eqs. (B2) and (B3) in Eq. (B1), we obtain∫
d4x
√−gG5X
[
(φ)3 − 3φφµνφµν + 2φµνφνλφµλ
]
=−
∫
d4x
√−g
(
4ξ(1)
X ′
)[
(φ′)3 − 3φ′φ′µνφ′µν + 2φ′µνφ′νλφ′µλ
]
+
∫
d4x
√−g [24ξ(2)(1 + lnX ′) ((φ′)2 − φ′µνφ′µν)− 60X ′ lnX ′ξ(3)φ′
+24X ′2 lnX ′ξ(4) − 24ξ(2) lnX ′Rµνφ′µφ′ν
]
, (B5)
25
where we used ∇ν(φ′)−φ′ν = −Rρνφ′ν . Next, we compute∫
d4x
√−gG5Gµνφµν
=− 4
∫
d4x
√−gξ(1) lnX ′Gµνφ′µν − 8
∫
d4x
√−gξ(1) ln ξ(1)Gµνφ′µν
− 8
∫
d4x
√−gξ(2) ln ξ(1)Gµνφ′µφ′ν − 4
∫
d4x
√−gξ(2) lnX ′Gµνφ′µφ′ν . (B6)
By partial integrations and with the Bianchi identities, we obtain∫
d4x
√−gG5Gµνφµν
=− 4
∫
d4x
√−gξ(1) lnX ′Gµνφ′µν
+
∫
d4x
√−g [−4ξ(2) lnX ′Rµνφ′µφ′ν − 4ξ(2)X ′ lnX ′R + 8ξ(2)X ′R
+8ξ(2)
(
(φ′)2 − φ′µνφ′µν
)− 24ξ(3)X ′(φ′) + 16X ′2ξ(4)] . (B7)
Using Eqs. (B7) and (B5) as well as the additional identity
∫
d4x
√−gξ(3)X ′(2 lnX ′ −
4)(φ′) =
∫
d4x
√−gξ(4)X ′2(4 lnX ′ − 8), we finally get
L =+G5Gµνφµν − G5X
6
[
(φ)3 − 3φφµνφµν + 2φµνφνλφµλ
]
=+G′2 −G′3φ′ +G′4R +G′4X′
[
(φ′)2 − φ′µνφ′µν
]
+G′5G
µνφ′µν
− G
′
5X′
6
[
(φ′)3 − 3φ′φ′µνφ′µν + 2φ′µνφ′νλφ′µλ
] ≡ L′ , (B8)
where
G′2 = 8ξ
(4)X ′2 (3− lnX ′) , (B9)
G′3 = 4ξ
(3)X ′ (7− 3 lnX ′) , (B10)
G′4 = ξ
(2)X ′ (2− lnX ′) , (B11)
G′5 = −ξ(1) lnX ′ , (B12)
and ξ(n) = ∂nξ/∂φ′n. This recovers the result in Eq. (35) of Ref. [21] in terms of the primed
variables.
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